KS3 CAME Lesson – Art Gallery

[MDawes – first draft, 9th March 2009]
Background:  There is a mathematical problem known as the “Art Gallery Problem”, which explores how many security guards would be needed to watch over the exhibits of an art gallery with straight sides.  This lesson begins by allowing the pupils to explore different types of polygons, using the Art Gallery as a hook and then moves into looking at the sum of the interior angles in a polygon.

Mathematics:  Language and definitions associated with polygons.  Sum of angles in a polygon.

Episode 1:  

Draw or display the first two shapes from NS1 on the board.

Ask what is the same and what is different about the two shapes.

[Both have 5 sides, both are pentagons, both have straight sides, one has corners that stick out, but the other has a corner that goes in.]

Explain that the first shape is a convex pentagon, while the second shape is a concave pentagon.  Stress the use of the language, explain that the second shape has a corner that “goes in” – like a cave goes into the side of a mountain, so we call this “concave”.  Check that the pupils are happy that the shapes are pentagons (5 straight sides) even though they are not regular pentagons.
Explain that the shapes are birds-eye views [“plan views”] of two art galleries.   So that no-one is tempted to steal any of the exhibits there are security guards who stand in the galleries and watch the visitors and the exhibits.  Where would be a bad place for the security guard to stand in the first gallery?  [In the middle – he wouldn’t be able to see what was going on behind him!]  The guard stands somewhere around the edge of the gallery and moves his head to see what is going on.  Where can he stand in each gallery to ensure he can see every part of the gallery?

Issue NS1 – the pupils complete this in pairs.

Take feedback from the pairs.  An extra question: “If the guard walks around near the edge of the gallery he can go anywhere in the first gallery and still see everything.  Where mustn’t he go in the concave gallery?” 

The guard must stay between the dotted lines – otherwise he won’t be able to see into one of the acute corners.

Share the ideas for a gallery that needs two guards.

Issue NS2 and allow a brief period of time for the pairs to work on this.  This can be brief because it involves using the ideas from the discussions.

Take feedback.  Are the heptagons all different, or can they be categorised?  Collect the ideas on the board and discuss them.

Episode 2:
Explain that in some Art Galleries they use electronic sensors to detect intruders at night.  This is cheaper than having the guards there when the gallery is closed.  
A sensor is placed at each corner of the room and rotates from side-to-side, sweeping out the angle at that corner.  If it detects something moving then it sounds an alarm.

We are going to try to find out how many degrees the sensors need to turn through altogether … without doing any measuring!

Issue NS3 and NS4.  The pupils should work in pairs to divide the polygons on NS3 into triangles.  They can do this however they like and should use two different methods for the two different diagrams of each polygon.  Stress that the lines they draw should not cross.  Any ideas they have can be jotted down on NS4.   They may want to predict what will happen for a heptagon, octagon, etc, or could draw some out on the back of NS3.
After a few minutes they could pool their ideas with another pair.

Take feedback as a whole class.

It is likely to crop up that there are millions of different ways of dividing the polygons up.  Some of these will involve dividing up one of the sides of the polygon.  Push the pupils towards versions that only join vertices (corners) of the polygons.

Discover as a whole class that however you do this you always get three triangles in a pentagon and 4 triangles making a hexagon.  Pupils can then predict what will happen for other polygons.

Pupils may want to explain why this is the case.  

[If you focus on the vertex from which all the dividing lines begin then each triangle uses up one of the sides of the hexagon … except that the triangle on the left and the triangle on the right use up two sides.  This means that the number of triangle is 2 fewer than the number of sides in the polygon.]

Focusing on one of the polygons (up on the board), colour in the angles in the first triangle.  Ask the pupils how many degrees that makes so far?  [180(].  Then colour the angles of the next triangle and not down 180(.  Repeat for the other triangles and show the pupils that the angles you have coloured (from the triangles) are the same as the angles in the hexagon!  How could they work out the sum of the angles in a hexagon?  [180( × 4].  Repeat this process for other polygons.
Some pupils may have a rule, eg: “Subtract 2 from the number of sides and multiply the answer by 180(.” Or:  (n – 2) × 180.

Episode 3:
Ask the pupils: “What is a regular hexagon?”. [All the sides are equal and all the angles are equal.]

How can we use the fact that the angles add up to 720( to work out the size of each angle in a regular hexagon?  [Divide it by 6 to give: 720÷6 = 120(]

On the back of NS4 work out the interior angle of each of the regular polygons.

What do they notice?  [The interior angles get bigger the more sides the polygon has.  They are always less than 180(.  (Can the pupils explain why?).  The difference between the angles gets smaller as the number of sides goes up.

