Ratio Easy, Fractions Hard
Something happens when mathematical ideas are approached ‘from the ground up’ rather than from the ‘from top down’.  Mundher Adhami looks at recent realisations in the classroom. 

There was a time that mathematics was taught in order: arithmetic first, then Algebra, then geometry, then trigonometry etc. In my school years the coordinate grid were the last to be introduced, if at all, whether for functions or for reflection of shapes on.
Then teachers realised that by a little bit of tinkering in presenting topics, mathematics could be made less rigid, and have a bit of life and connections. For some of us this came with the data in a large research project in the ’70 showing that some coordinates and graphs can be easier handled than algebra and many number concepts.  Then everything got confused except a few fixed routes, one of which is that fractions are deemed easier than ratio. 
But it is not really a matter of representation.   It is a matter of recognising the essences of the formal mathematics. Seeds of the more advanced thinking in mathematics, or of mathematical language, seem to be present in certain contexts accessible to many young children in lower primary classes.  

I worked with primary teachers in Islington and Bucks this year, and we proved for ourselves that ratio concepts are more accessible to children than fractions.  That came up frequently in the teachers’ sessions on reflecting on the trials of a ratio lessons planned for Y2, such as the Jelly Babies activity.  
The story of the local sweet shop wanting to make two flavoured jelly beans is engaging to the children from the start. They choose the two flavours then start to puzzle out the different offers by the shop in the three pictures given one a time. They name each ( e.g. Jelly Baby, Jelly Man,  Jelly Girl)  talk about focusing on the height of each part.
The ratios of the head to the body (torso), which is either 1 to1, 1 to 2, or 1 to 4,  are visible and can be talked about in natural language, then in numbers. 

 The head becomes a measure for the torso, aided by the drawn coloured blocks, and by the sticks that leads pupils towards the height aspect discounting other considerations. 

[image: image1]
Given a collections of figures of various sizes children relatively easily recognise the three types of jelly beans. They could use strips of paper to compare body and head in each and describe their thinking.  They have to explain what is common between  the small D figure and the large I figure. And how to show that G is not a Jelly Man. 

 In the third episode of the activity that length can then be used to construct a Jelly Giant of ratios such as of 1 to 8 or 1 to 9 through measured straight lines rather than as whole pictures. A ratio relates two independent quantities to each other in an accessible description. Even the notation of the 1:8 instead of ‘1 to 8’ is readily understood through direct correspondence of symbol to meaning. It seems necessary to emphasise in language the distinction of the torso and the body, reserving the latter to the whole. 

In trials of this activity a few pupils tried to understand how fractions fit in.   This is accessible only to some children in Y2-6. It shows that the fraction idea is more demanding than the ratio idea.  In addition to the two parts to compare in ratio work, Fractions needs the whole body, which included the two parts then compares that with one of the parts. The whole is a construction, or an interpretation, while the ratio is just a description. 
So comparison of ratio and fractions seems important then. The 1:4 is visually understandable while 1/5 is an effortful interpretation in that the 5 includes the 1. Arguably this is at the same thinking level of understanding a linear algebraic phrase such as 3n+2. The ‘generalised number’ element is implied in that the whole could be of any size, while the relationships within is the same.  Empirical trials would show whether full understanding of fraction meanings, e.g. when different fractions are compared for size are near NC level 5, or early formal. 
This implies that it is preferable to address ratio-fraction comparisons clearly through direct use of the two mathematical concepts in the same concrete and accessible context and setting, rather than keeping them separate and therefore conflicting systems in the mind.  Pedagogically this seems similar to our approach to area and perimeter. 

Why are fractions so difficult? 
There are problems with fractions, all to do with the need of mental effort at interpreting the bits involved.  When children are asked what each of the 3 elements in 1/2, there is an ambiguity or difficulty in deciding if the one is divided into 2 parts or that it is one out of 2 equal parts. You may think it is the same overall meaning, but the meaning of each bit is different. Good and scary discussions amongst teachers arise one whether ¾ describes ‘3 out of 4 equal parts’ or ‘three wholes shared into 4 equal parts’ and why they are the same.   It is a code for the part–whole relationships in terms of number of parts of equal size, but can mean different things.  Such discussion may be beyond many pupils, so could be side-lined.  
Any ambiguity is a source of confusion, and requires making a choice.  And that is habitually avoided in intuitive thinking.  

Another fraction meaning problem is evident when folding two identical paper strips, as in a Thinking Maths lessons on fractions.  Children fold one strip in halves then quarters, the other in thirds then sixths.  At each step the pupils talk about what a third or two thirds is, and whether 1/3 is smaller or bigger than 1/2 or 1/4 etc. Later in the episode questions on which of the several identified fraction would combine to be more than one whole and which to less. 
In the question of ‘what is a third?’ or ‘Show me a third’ some children would show


any of the three parts, shaded or not, folded or unfolded.  The fact is that any of the three parts is a third is then emphasised, including when compared with 1/2 or ¼.  All of this is moving slightly beyond descriptive thinking, since one need to keep in mind that the 3 included the 1. 


That is similar to the use of pie divisions, each of them is visually seen a 1/3 



However, some pupils would see the line separating the left third from the middle as the 1/3.  That assumes a zero starting at the left edge. 

The two meanings of the fraction notation are the same two meanings as for number: one for a visible stand-alone quantity (part of the strip) and the other for measure, starting from an assumed starting point on a continuum labelled zero.  The first focuses on the size of number, the second on order in equal interval scale.  And the problem is greater since instead of a number we have a code of parts and wholes.
The coordination of the fraction convention and measurement convention clearly requires interpretive thinking.  Both conventions use number, but the fraction notation is based on the counting number system, while measurement uses the real number system, or at least the integer number system, with the zero and order of counting equal interval moves.  This is way beyond descriptive thinking where the visible bits are all labelled and their relationships needs little interpretation. 
In teaching, it is not clear at what National Curriculum level to put fraction notions, so that it is accessible to children in terms with  understanding and manipulation.  It seems taxing even for adults since it involves coordinating systems or conventions.  The main thinking difficulty, however, is in the two different meanings for a number, or a phrase such as 2/3, depending on use or context.
What can we conclude from this discussion?

Perhaps pupils can answer some routine questions on fractions with practice, but we better not assume they understand them.  On the other hand we should not assume that ratio is difficult, but rather accessible to all. The difference is that in teaching fractions we start from a formal notations where the bits have ambiguous meanings, while in ratio we have more less concrete separate bits that are compared to each other.  It seems possible that in order to understand fractions you need ratio, but not the other way round. 
.

Mundher Adhami
Cognitive Acceleration Associates
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A Grafton Y6 pupil’s construction of a Jelly Giant with ratio 1:9, looking only at length and converting to fractions.
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